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Fermionic natural occupation numbers do not only obey Pauli’s exclusion principle but are even
stronger restricted by so-called generalized Pauli constraints. Whenever given natural occupation
numbers lie on the boundary of the allowed region the corresponding N -fermion quantum state has
a significantly simpler structure. We recall the recently proposed natural extension of the Hartree-
Fock ansatz based on this structural simplification. This variational ansatz is tested for the lithium
atom. Intriguingly, the underlying mathematical structure yields universal geometrical bounds on
the correlation energy reconstructed by this ansatz.
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I. INTRODUCTION
In January 1925, Wolfgang Pauli announced the fa-
mous principle which takes his name [1], stating that
no two identical fermions can occupy the same quantum
state at the same time. It is difficult to underestimate
its importance in physics and chemistry. For instance,
the Pauli exclusion principle (PEP) explains the clas-
sification of atoms in the periodic table, the electronic
structure of atoms and molecules and is essential for the
stability of matter.
Originally, PEP was introduced as a phenomenologi-
cal rule to explain some known spectroscopic anomalies
[2]. Yet, already in 1926, Dirac [3] and Heisenberg [4]
provided a justification for it. They identified PEP as
a consequence of the antisymmetry of N -fermion wave-
functions under particle exchange.
In quantum chemistry and quantum physics, due to the
exponential scaling of Hilbert spaces as the system size
increases, one is keen to avoid the use of wave functions.
Indeed, since the physical systems considered there have
only 1- and 2-particle interactions it is quite promising
to restrict oneself to the corresponding n-body reduced
density matrices (n-RDM), with n = 1, 2. In general,
the n-RDM is defined as the contractions of an N -body
density matrix ρN (see, e.g., Ref. [5]),
ρn ≡
(
N
n
)
trN−n[ρN ] . (1)
Here, ρN might be pure, ρN ≡ |Ψ〉〈Ψ| or just an ensemble
state. Due to the exchange symmetry the n-RDM (1) is
independent of the choice of the N − n particles which
are traced out.
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In this context, a more modern and more general ver-
sion of the PEP can be formulated: The natural occupa-
tion numbers (NON), the eigenvalues of the 1-RDM, can
be no larger than 1,
0 ≤ λi ≤ 1 . (2)
This upper bound for the spin-orbital occupancies allows
no more than one electron in each quantum state. This
elementary condition, concluded by Coleman in 1963 [6],
is necessary and sufficient for a 1-RDM ρ1 to be com-
patible with an ensemble N -fermion state ρN , provided
the trace condition holds, tr1[ρ1] = N . In other words,
ρ1 is the contraction of a fermionic ρN if and only if all
eigenvalues of ρ1 obey Eq. (2).
The physical relevance of PEP has a twofold origin:
For many fermionic quantum systems most of their NON
do (approximately) saturate PEP (2), i.e. one observes ei-
ther λi ≈ 1 or λi ≈ 0. This quasipinning of most λi to
the minimal or maximal values leads to a significant sim-
plification of the theoretical description of the physical
system: Fermions in lower lying energy shells are frozen
and higher shells can be neglected. Moreover, the be-
havior of the system can then be described by strongly
reduced active spaces [7–10]. A prime example for such a
reduction of degrees of freedom is the celebrated Hartree-
Fock approximation. It is defined by the assumption that
each NON is saturating the PEP, i.e.
~λ ≡ (λi) = ~λHF ≡ (1, . . . , 1︸ ︷︷ ︸
N
, 0, . . .) . (3)
Indeed, it can easily be shown that such NON imply that
the corresponding N -fermion quantum state can be writ-
ten as a single Slater determinant, |Ψ〉 = |1, 2, . . . , N〉
with some appropriate 1-particle states {|i〉}Ni=1.
Given that the PEP, beyond its fundamental nature,
implies such strong structural implications for the wave
function, researchers had been seeking generalizations of
it. This has led to the 1-body N -presentability problem,
the problem of describing all 1-RDM which are compati-
ble with pure N -fermion quantum states. In the 1970s, it
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FIG. 1. Schematic illustration of the polytope P of vectors
~λ = (λi) of decreasingly ordered natural occupation numbers
defined by the family of generalized Pauli constraints. Only
those ~λ lying in P can arise from pure N -fermion quantum
states |Ψ〉 ∈ H. Hartree-Fock point (3) is shown as red dot.
was observed that further linear constraints on the NON
for very specific settings of N = 3, 4 fermions emerge
as a consequence of the global antisymmetry [11]. Only
recently, it was conclusively shown that the fermionic ex-
change symmetry implies in general so-called generalized
Pauli constraints (GPC) [12–14], taking the form
Dj(~λ) ≡ κ(0)j +
d∑
i=1
κ
(i)
j λi ≥ 0 . (4)
Here κ
(i)
j ∈ Z, j = 1, 2, . . . , νN,d <∞, d is the dimension
of the underlying 1-particle Hilbert space and the NON
are decreasingly ordered. From a geometrical viewpoint,
for each fixed pair (N, d), the family of GPC, together
with the normalization and the ordering constraints λ1 ≥
. . . ≥ λd ≥ 0, form a polytope PN,d of allowed vectors
~λ ≡ (λi)di=1. This is also illustrated in Figure 1. There
the map ~µ maps every N -fermion quantum state to its
vector ~λ of decreasingly ordered NON. Here and in the
following indices ‘(N ,d)’ are skipped. Clearly, only those
~λ inside the ‘Pauli simplex’ Σ, defined by 1 ≥ λ1 ≥ . . . ≥
λd ≥ 0, can be reached. Yet, since P ( Σ, the GPC are
more restrictive than PEP. In Ref. [15] the redundancy
of the PEP constraints given all GPC was completely
explored and quantified.
As an example, we consider the Borland-Dennis setting
∧3[H(6)1 ]. The GPC for the decreasingly ordered NON
(λi)
6
i=1 read [11, 16]
λ1 + λ6 = λ2 + λ5 = λ3 + λ4 = 1 (5)
2− (λ1 + λ2 + λ4) ≥ 0. (6)
GPC (6) clearly exceeds PEP which states λ1 + λ2 ≤ 2.
That some GPC take the form of equalities rather than
proper inequalities is quite unique. Besides the Borland-
Dennis setting, this happens only for the settings (N, d)
with N ≤ 2 or d−N ≤ 2, i.e. for the case of at most two
fermions or at most two fermionic holes.
Particular relevance of GPC is given whenever the
NON λi of some system are saturating a GPC, i.e. ~λ
lies on the boundary of the polytope. This so-called pin-
ning effect and its consequences are discussed in detail
in the succeeding section.
Finally, it should also be stressed that the solution of
the pure N -representability problem for the 1-RDM was
part of a more general effort in quantum information the-
ory [17–21], addressing the so-called quantum marginal
problem (for a rudimentary overview see [22]). More-
over, there is no algorithm known yet which allows one
to determine the family of GPC for the setting (N, d)
efficiently in d.
The paper is arranged as follows. In Section II we
briefly explain the potential physical relevance of GPC.
The remarkable structural implications for |Ψ〉 in case of
pinning are described in Section III. In Section IV the
multiconfigurational self-consistent field ansatz worked
out in Ref. [23] based on this pinning structure is recalled
and tested for the lithium atom in Section V. In Section
VI the numerical quality of such ansatzes are shown to be
strongly related to geometric distances in the 1-particle
picture (polytope).
II. POTENTIAL PHYSICAL RELEVANCE OF
GENERALIZED PAULI CONSTRAINTS AND
PINNING/QUASIPINNING-EFFECT
Direct relevance of GPC was suggested in [24, 25]: At
least for some systems the ground state minimization pro-
cess of the energy expectation value 〈ΨN |Hˆ|ΨN 〉, from
the viewpoint of the 1-particle picture, may get stuck
on the polytope boundary ∂P since any further mini-
mization would violate some GPC. This pinning effect is
relevant because it can restrict the dynamics of the cor-
responding system since its NON ~λ can never leave the
polytope. This is a generalization of the fact that, e.g.,
electrons in atoms cannot decay to lower lying energy
shells since those are already occupied.
On the other hand, pinning as an effect in the 1-particle
picture allows one to reconstruct the structure of the cor-
responding N -fermion quantum state. In addition this
structure is significantly simplified [22, 24, 26, 27].
In a first analytic study [28], however, strong evi-
dence was provided that ~λ for ground states of interact-
ing fermions lies extremely close to, but not exactly on
the polytope boundary. For this conceptually different
quasipinning the same important implications of pinning
hold approximately. Whether quasipinning is generic or
appears only for specific systems is part of an ongoing
debate [15, 24, 26, 27, 29–38].
Although pinning is expected to be quite idealized and
unrealistic it was observed in Refs. [26, 31, 34] that it can
occur as a consequence of 1-particle symmetries. Also
converse, the occurrence of pinning reveals a symmetry
of the corresponding N -fermion quantum state |Ψ〉 [34].
As a caveat concerning further investigations of possi-
ble (quasi)pinning it should be noted that (quasi)pinning
by GPC follows already from (quasi)pinning by PEP con-
3straints: Since P ⊂ Σ (recall Figure 1) (approximate)
saturation of some PEP constraints always implies (ap-
proximate) saturation of some GPC [39]. Hence, the
question is whether some GPC are stronger saturated
than one could expect from possible (approximate) satu-
ration of PEP constraints. For this purpose, to quantify
such relevance of GPC beyond the well-known relevance
of PEP a corresponding geometric quasipinning measure
was constructed in Ref. [15], the so-called Q-parameter.
III. STRUCTURAL IMPLICATIONS FOR |Ψ〉
FROM EXTREMAL NATURAL OCCUPATION
NUMBERS
In this section we recall the implications of pinning for
the structure of the corresponding N -fermion quantum
state (for more details see Ref. [27]). For this we ex-
ploit a self-consistent expansion for N -fermion quantum
states [27]. For every |Ψ〉 ∈ ∧N [H(d)1 ] we determine the
corresponding 1-RDM ρ1 which can be diagonalized,
ρ1 ≡ N trN−1[|Ψ〉〈Ψ|] ≡
d∑
i=1
λi|i〉〈i|. (7)
For given |Ψ〉 its natural spin orbitals, the eigenvectors
|i〉 of ρ1, define an orthonormal basis B1 for the 1-particle
Hilbert space H(d)1 . Consequently, |Ψ〉 also induces a ba-
sis BN for the N -fermion Hilbert space ∧N [H(d)1 ] given
by all N -fermion Slater determinants,
|i1, . . . , iN 〉 ≡ AN |i1〉 ⊗ . . .⊗ |iN 〉 , (8)
1 ≤ i1 < . . . < iN ≤ d, |ik〉 ∈ B1 and AN is the anti-
symmetrizing operator for N particles. |Ψ〉 can then be
expanded with respect to BN ,
|Ψ〉 =
∑
i
ci |i〉 , (9)
where i ≡ (i1, . . . , iN ).
Remark 1. The coefficients ci in Eq. (9) are not free,
but need to fulfill strong self-consistency conditions to en-
sure that
• the 1-RDM is diagonal with respect to the natural
spin orbitals |i〉
• the NON are correctly ordered, λi ≥ λi+1 for all i
To motivate the strong structural implications for |Ψ〉
whenever its NON are saturating a GPC, consider NON
all saturating the PEP, i.e. ~λ coincides with the Hartree-
Fock point (3). The corresponding N -fermion quantum
state |Ψ〉 is then given by a single Slater determinant
|Ψ〉 = |1, . . . , N〉. This strong structural implication of
pinning to the Hartree-Fock point generalizes to pinning
of NON to arbitrary points on the polytope boundary
(recall also Figure 1). To explain this, assume that a
GPC (4) is pinned,
Dj(~λ) = 0 . (10)
A mathematical theorem then shows that any compati-
ble N -fermion state |Ψ〉 (i.e. with NON ~λ) belongs to the
0-eigenspace (a proof is presented in [33]) of the associ-
ated operator
Dˆj = κ
(0)
j + κ
(1)
j nˆ1 + . . .+ κ
(d)
j nˆd . (11)
Here, nˆi denotes the particle number operator for the
natural spin orbital |i〉 of |Ψ〉 and the implicit dependence
of nˆi and Dˆj on given |Ψ〉 is suppressed. This condition,
Dj(~λ) = 0 ⇒ Dˆj |Ψ〉 = 0 (12)
gives rise to a selection rule for the Slater determinants
in the self-consisted expansion (9) [24],
Dˆj |i〉 6= 0 ⇒ ci = 0 . (13)
By denoting the set of all configurations fulfilling such
a selection rule for a GPC D by ID, pinning by D sim-
plifies expansion (9) to
|Ψ〉 =
∑
i∈ID
ci|i〉 . (14)
To illustrate these structural simplifications we recall
an elementary example from Ref. [27].
Example 1. For the Borland-Dennis setting ∧3[H(6)1 ]
the first three GPC (5) take the form of equalities (inde-
pendent of ~λ) which implies universal structural simplifi-
cations for any |Ψ〉 ∈ ∧3[H(6)1 ]. They read
(1ˆ− nˆ1 − nˆ6)|Ψ〉 = 0,
(1ˆ− nˆ2 − nˆ5)|Ψ〉 = 0,
(1ˆ− nˆ3 − nˆ4)|Ψ〉 = 0 , (15)
where 1ˆ denotes the identity operator. Hence, only the
configurations {i1, i2, i3} (with i1 ∈ {1, 6}, i2 ∈ {2, 5}
and i3 ∈ {3, 4}) can contribute to |Ψ〉 in the expansion
(9). This results in the following eight possible configura-
tions: |1, 2, 3〉, |1, 2, 4〉, |1, 3, 5〉, |1, 4, 5〉, |2, 3, 6〉, |2, 4, 6〉,
|3, 5, 6〉, |4, 5, 6〉.
If in addition GPC (6) is saturated |Ψ〉 also needs to
meet
(2 · 1ˆ− nˆ1 − nˆ2 − nˆ4)|Ψ〉 = 0 . (16)
The set of possible Slater determinants reduces to just
three and the most generic quantum state with NON
pinned by GPC (6) takes the form
|Ψ〉 = α|1, 2, 3〉+ β|1, 4, 5〉+ γ|2, 4, 6〉. (17)
Here, |β| ≥ |γ| and |α|2 ≥ |β|2 + |γ|2 to meet the second
self-consistency condition in Remark 1.
4IV. VARIATIONAL ANSATZ AND VERY FIRST
RESULTS
As suggested in Ref. [28] and worked out in Ref. [23]
the structural simplifications (14) can be used as a vari-
ational ansatz. There, the energy expectation value
E[{ci}i∈ID , {|i〉}] ≡ 〈Ψ|Hˆ|Ψ〉 , (18)
is minimized with respect to all states |Ψ〉 of the form
(14), i.e. with NON pinned to some specific polytope
facet FD. Since this involves simultaneous optimization
of the expansion coefficients {ci}i∈ID and the orbitals |i〉
this defines a specific multiconfigurational self-consistent
field (MCSCF) optimization.
At least in principle, this ansatz requires to rein-
force the self-consistency conditions on the coefficients
{ci}i∈ID according to Remark 1. Yet, skipping them
simplifies the variational optimization and can only lead
to better variational results. The minimization of the en-
ergy (18) for the specific MCSCF ansatz (14) is subject
to the normalization of the quantum state, ‖Ψ‖2 = 1 and
the orthonormality of the orbitals |i〉 employed in (14).
This, at least in principle, leads to several Lagrange mul-
tipliers. However, in practice it has been proven advanta-
geous to dodge the use of such Lagrange multipliers. We
follow in [23] and for the results shown in the next section
those standard procedures from quantum chemistry [40]
which we recall briefly.
First, an orthonormal reference basis {|i〉}di=1 for the
1-particle Hilbert space is fixed [41]. This could be given
by the Hartree-Fock molecular orbitals, if a Hartree-Fock
optimization was preceding, or just the 1-particle eigen-
states of the external potential. Then, by expressing the
orbitals |i〉 for ansatz (14) according to
|i〉 = eηˆ|i〉 , ∀i , (19)
with an antihermitian operator ηˆ, the orbital optimiza-
tion is realized in form of an optimization of ηˆ and the
unitarity of eηˆ makes the use of Lagrange multipliers ob-
solete.
Implementing this in (18), using second quantization
with respect to the fixed basis states {|i〉}di=1 and
ηˆ ≡
d∑
i,j=1
ηija
†
iaj , η ≡ (ηij), (20)
leads to the following form for the energy functional (18)
E[{ci}i∈ID , η] = 〈Ψ|e−ηˆHˆeηˆ|Ψ〉 , (21)
where
|Ψ〉 =
∑
i∈ID
ci|i〉 (22)
and i ≡ (i1, . . . , iN ). The variational optimization with
respect to η leads to coupled generalized Hartree-Fock
equations and the optimization of the coefficients to so-
called secular equations [36]. These self-consistent field
equations can iteratively be solved, e.g., by using the
well-known Newton-Raphson optimization method, one
of the standard methods in quantum chemistry for solv-
ing MCSCF equations [42].
In Ref. [23], we implement such a MCSCF algorithm
and test it for a quantum dot system containing N =
3, 4, 5 spin-polarized electrons. For the case N = 3, re-
markable 99.943% of the correlation energy is attained
and for N = 4, 5 about 99.941% and 99.934%, respec-
tively. Since those few-fermion systems are known for
their excellent quasipinning [15, 26, 28, 43] these results
confirm our expectation that the MCSCF ansatz based
on pinning works very well whenever the exact ground
state exhibits at least quasipinning.
V. APPLICATION TO THE LITHIUM ATOM
In this section we apply the MCSCF ansatz based on
the simplified pinning structure (14) to the lithium atom.
As it is explained in Ref. [23] there is a hierarchy of set-
tings (3, d) that one can use for this. Here, we will use
the smallest nontrivial setting (N, d) = (3, 6) and there
is also no ambiguity for the choice of the facet since its
polytope has only one nontrivial facet.
Furthermore, it should be stressed that in a spin-
compensated configuration state basis set the spin-
orbitals appear in pairs which may share the same spatial
orbital [44]. Then, as it was shown in Ref. [31] for the
Borland-Dennis setting this implies pinning for GPC (6)
in case of not too strong correlations.
Regardless of the spin symmetry, any wave function
given as superposition of Slater determinants (17) tends
to artificially mix different electronic spin-states. Con-
sequently, it is not an eigenfunction of the total spin-
squared operator. However, as long as the Hamilto-
nian commutes with the spin operator, solutions of the
Schro¨dinger equation must be eigenfunctions of both spin
operators S2 and Sz. Since in general Slater determi-
nants are not eigenfunctions of the total spin operator,
spin-adapted linear combinations of these determinants
are usually imposed to circumvent the problem of spin
contamination [45]. To ensure a correct spin description
of the state (17) there are two possible ways of assigning
spatial orbitals φi, 〈φi|φj〉 = δij ,
|1〉 ≡ φ1(r)↑, |2〉 ≡ φ2(r)↑, |4〉 ≡ φ3(r)↑,
|3〉 ≡ φ1(r)↓, |6〉 ≡ φ2(r)↓, |5〉 ≡ φ3(r)↓,
or
|2〉 ≡ φ1(r)↑, |1〉 ≡ φ2(r)↑, |4〉 ≡ φ3(r)↑,
|3〉 ≡ φ1(r)↓, |5〉 ≡ φ2(r)↓, |6〉 ≡ φ3(r)↓ .
The chosen configuration is the one which gives the lowest
energy.
5Recently rank-six, -seven and -eight approximations
were accomplished for the lithium isoelectronic series, by
using a set of helium-like 1-particle wave functions and
one hydrogen-like wave function [29]. Shull and Lo¨wdin
employed for the former the following set of orthonormal
spatial orbitals:
δn(a, r) := Dn
√
a3
pi
L2n−1
(
2ar
)
e−ar, (23)
where D−2n =
(
n−1
2
)
and Lζn stands for the associated La-
guerre polynomials [46], obtaining more than 50% of the
correlation energy for the helium atom with only three
spatial orbitals in the expansion [47]. For the hydrogen-
like function, the radial orbital
χ1(b, r) =
1
4
√
b5
6pi
r e−br/2 (24)
was used.
A standard variational procedure for the single
determinantal state
|δ1↑, δ1↓, χ1↑〉
leads to the minimum for the energy at (a0, b0) =
(2.6864, 1.2751). The total energy associated to this
Slater determinant becomes −7.4179 a.u. [29]. This is
reasonably close to the Hartree-Fock energy −7.4324
a.u. (computed by using a cc-pVDZ basis set) or even
better than the energy −7.3815 a.u. (with a 3-21G* ba-
sis set) [48]. A highly accurate value for the nonrelativis-
tic ground-state energy of the lithium atom is −7.478
a.u. [49].
In the following, we minimize the energy by using the
specific MCSCF ansatz given by (17). In particular this
means to optimize the natural spin orbitals {|i〉}1≤i≤6.
The corresponding spatial orbitals {|φi〉}1≤i≤3 are ex-
panded on a given finite basis. In this case, we choose
φi(r) =
M∑
n=1
Cniδn(a0, r) +
2∑
n=1
Dniχn(b0, r) , (25)
in a similar fashion as in on-the-shelf SCF methods. In
order to obtain more correlation energy we have added a
second hydrogen-like radial wave function,
χ2(b, r) =
8
81
√
b7
30pi
r2 e−br/3.
Before implementing the full MCSCF optimization
process, we accomplished a Hartree-Fock pre-optimiza-
tion of the natural spin orbitals. Pre-optimizations of
this sort are not required in general but are advised to
increase the rate of convergence. Once this initial step
is completed, the initial pinned-state ansatz (14) can be
constructed, and the full MCSCF process can be imple-
mented. For M = 8, we have obtained the energy −7.472
a.u.. This represents 87.09% of the correct correlation of
the lithium atom, which can be even improved by choos-
ing larger M .
FIG. 2. Schematic illustration of the polytope P of possible
vectors ~λ = (λi) of natural occupation numbers defined by the
family of generalized Pauli constraints. For a given N -fermion
state we show the corresponding vector ~λ and illustrate its
minimal distance D(~λ) to the polytope facet FD, as well as
the distance S(~λ) to the Hartree-Fock point ~λHF (3).
VI. RELATION OF QUASIPINNING AND
RECONSTRUCTED CORRELATION ENERGY
It is expected that the variational ground state ansatz
(14) based on pinning to the polytope facet FD leads to
good results whenever the exact ground state has NON
~λ close to FD. In this section we confirm this in form of
rigorous mathematical estimates.
First we introduce a measure for the correlation of a
quantum state |Ψ〉, given by the l1-distance of ~λ to the
Hartree-Fock point (3),
S(~λ) ≡ distl1(~λ,~λHF) =
N∑
i=1
(1− λi) +
d∑
i=N+1
λi . (26)
In the same way, a natural measure for quasipinning
by a GPC D was introduced in Ref. [28], namely the
l1-distance of ~λ to the corresponding polytope facet FD
defined by pinning of D,
FD ≡ {~λ ∈ P | D(~λ) = 0} . (27)
As explained in [15] this distance coincides up to a factor
2 with D(~λ) [50]. For an illustration see Figure 2.
Let us now consider a Hamiltonian Hˆ acting on the
N -fermion Hilbert space H = ∧N [H(d)1 ]. We assume that
its ground state |Ψ0〉 is unique and has the energy E0.
Since the Hilbert space is finite the ground state is there-
fore gapped and the set of all eigenenergies is bounded,
i.e. there exists a lowest excited energy E
(−)
ex > E0 and a
maximal finite excitation energy E
(+)
ex . The spectrum of
the Hamiltonian is illustrated in Figure 3.
The numerical quality of our MCSCF ansatz based on
the pinning structure (14) can then be estimated in the
following way.
6E
E
E
E
E
0
HF
ex
ex
(-)
(+)
E
E
en
er
gy
D
corr
FIG. 3. Energy spectrum of the Hamiltonian Hˆ is shown
in black. The ground state energy E0 is assumed to be
non-degenerate. All excitations of Hˆ lie in the interval
[E
(−)
ex , E
(+)
ex ]. Also the Hartree-Fock ground state energy EHF
and the energy ED obtained by a MCSCF ansatz based
on pinning to a facet FD are shown (in gray). Whenever
the exact ground state exhibits quasipinning to FD we find
∆E ≡ ED − E0  EHF − E0 = Ecorr.
Theorem 1. Let Hˆ be a Hamiltonian on ∧N [H(d)1 ] with
a unique ground state with NON ~λ = (λi)
d
i=1 and energy
spectrum as described in Figure 3. The error ∆E in the
energy of the MCSCF ansatz based on pinning to a given
facet FD of the polytope P is bounded from above,
∆E ≤ C D(~λ) , (28)
with C = C˜ (E+ex −E0) for some constant C˜. Moreover,
∆E
Ecorr
≤ K D(
~λ)
S(~λ)
, (29)
where Ecorr ≡ EHF − E0 is the correlation energy and
K =
E(+)ex −E0
E
(−)
ex −E0
C˜
N .
The proof of the above Theorem and further details can
be found in Ref. [23]. Estimate (28) confirms our expecta-
tion that the MCSCF ansatz based on pinning works very
well whenever the exact ground state exhibits quasipin-
ning. Intriguingly, this can be geometrically quantified
by referring to the distance of the exact ground state
NON ~λ to the facet FD. Another important estimate on
the numerical quality is provided by estimate (29). It
states that the fraction of the correlation energy which
is not covered by the MCSCF ansatz, is bounded from
above by the ratio D(~λ)/S(~λ). Hence, the overwhelming
part of the correlation energy is reconstructed whenever
the quasipinning is nontrivial in the sense D(~λ) S(~λ).
VII. SUMMARY AND CONCLUSION
In this paper we have discussed the recently proposed
natural extension of the Hartree-Fock ansatz based on
the remarkable structural simplifications given saturation
of some generalized Pauli constraints. This ansatz de-
fined through extremal 1-fermion information is actually
a method for selecting non-superfluous configurations in
Configuration Interaction computations. This MCSCF
variational ansatz has already been tested for a quantum
dot system containing three, four or five spin-polarized
electrons, reaching more than 99.9% of the correlation
energy [23]. In this paper we have used the Borland-
Dennis ansatz for computing the ground-state energy of
the lithium atoms by means of a very economic wave
functions built from only three Slater determinants.
We have also discussed in some detail the relation be-
tween the N -fermion wave function and its reduced 1-
fermion description. In particular we have studied the
underlying mathematical structure of quasipinning and
provided a universal geometrical bound on the correla-
tion energy reconstructed by the corresponding pinning
ansatzes. Forthcoming work is devoted to the derivation
of universal geometric bounds on the numerical quality
of commonly used methods in quantum chemistry as,
e.g., Hartree-Fock and CASSCF. By employing gradient
methods, we also gain further insights on the preimage of
moment maps and the implications of local information
extremal within the moment polytope [23].
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